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Spreading law of non-Newtonian power-law liquids on a spherical substrate by an
energy-balance approach
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The spreading of a cap-shaped spherical droplet of non-Newtonian power-law liquids, both shear-
thickening and shear-thinning liquids, that completely wet a spherical substrate is theoretically
investigated in the capillary-controlled spreading regime. The crater-shaped droplet model with the
wedge-shaped meniscus near the three-phase contact line is used to calculate the viscous dissipation
near the contact line. Then the energy balance approach is adopted to derive the equation that
governs the evolution of the contact line. The time evolution of the dynamic contact angle θ of a
droplet obeys a power law θ ∼ t−α with the spreading exponent α, which is different from Tanner’s
law for Newtonian liquids and those for non-Newtonian liquids on a flat substrate. Furthermore, the
line-tension dominated spreading, which could be realized on a spherical substrate for late-stage of
spreading when the contact angle becomes low and the curvature of the contact line becomes large,
is also investigated.
PACS numbers: 64.60.Q-
I. INTRODUCTION
The spreading of a liquid droplet on a solid substrate
plays fundamental roles in many natural phenomena and
industrial applications [1–3]. In particular, the spread-
ing of non-Newtonian liquids is an important industrial
process in printing, painting, coating, and various man-
ufacturing processing because numerous polymer solu-
tions and particulate suspensions exhibit non-Newtonian
behaviors [4]. Even though, the spreading of a liquid
droplet on a solid substrate is a complicated phenomena
where many factors come into play, the time evolution
of the spreading of a Newtonian liquid droplet on a flat
solid surface can be usually described by simple univer-
sal power laws [1, 2, 5–10]. The most well-known law
called Tanner’s law describes the spreading of a small
non-volatile droplet of Newtonian liquids on a completely
wettable flat substrate. This law was derived theoret-
ically using several different approaches [6–8] and con-
firmed experimentally [7, 11, 12]. However, most of the
theoretical as well as experimental work was confined to
a droplet of Newtonian liquids on a flat substrate. Fur-
thermore, the line-tension effect, which can be important
on a spherical substrate when the contact angle becomes
low, has not been considered except for a few theoretical
works on a flat substrate [13, 14].
In a series of our previous works [15–17], we investi-
gated the wetting of a spherical substrate by a spherical
cap-shaped droplet. We showed that the wetting of a
spherical substrate was totally different from that of a
flat substrate, in particular, when the line tension was
important. For example, the complete wetting state can
be realized by positive line tension on a spherical sub-
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strate [16], while it can be realized by negative line ten-
sion on a flat substrate [18]. Although the magnitude of
the line tension is believed to be small [19–23] so that
the size of the droplet must be nano-scale, there is some
argument that the line tension could be a few order of
magnitude larger [24, 25] than it has bee predicted so far
when the gravitation can be important. Furthermore,
the effect of line tension will be enhanced on a spherical
substrate when the complete-wetting state is approached
because the radius of the contact line vanishes and, there-
fore, the curvature of the contact line diverges.
In the present study, we will extend our previous
study [26] of the spreading of a Newtonian-liquid droplet
on a spherical substrate. We will consider the prob-
lem of spreading of a cap-shaped spherical droplet of
non-volatile non-Newtonian liquids gently placed on the
north pole N of a spherical substrate and spreading to-
wards the south pole S (Fig. 1) using the energy-balance
approach [1, 2, 8], which can easily include the line-
tension effect [14]. The size of the droplet is assumed
to be smaller than the capillary length so that the cap-
shaped spherical meniscus is justified [1, 3]. Although,
several theoretical as well as experimental works on the
spreading of non-Newtonian liquids have already ap-
peared [4, 12, 27–32], they consider the spreading only
on a flat substrate. Furthermore, the effect of line ten-
sion has not been included. This paper, together with
our previous paper [26], will be the first step towards the
detailed understanding of the spreading of a droplet on
a spherical substrate. This paper will, hopefully, encour-
age more researchers and developers to pay attention to
the interesting problem of spreading on spherical sub-
strates [33–35].
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FIG. 1. A spherical liquid droplet spreading from the north
pole N on a convex spherical substrate towards the south pole
S. The center of the droplet with radius r and that of the
spherical substrate with radius R are separated by a distance
C. The radius of the contact line is denoted by rL and the
dynamic contact angle is denoted by θ, which is related to
the half of the central angle φ. In the complete-wetting limit
θ → 0◦ (φ → 180◦), the contact line shrinks and approaches
the south pole S of the spherical substrate.
II. SPREADING LAW OF NON-NEWTONIAN
LIQUIDS ON A SPHERICAL SUBSTRATE
We will consider the spreading dynamics of a cap-
shaped droplet of non-Newtonian power-law liquids [4]
on a spherical substrate (Fig. 1). The apparent viscosity
µ depends on the shear rate γ˙ through
µ = κγ˙n−1, (1)
where κ is a consistency coefficient [30–32]. The power
exponent n characterizes the non-Newtonian liquids.
When n > 1, the liquid is called shear thickening. When
n < 1, it is called shear thinning. The Newtonian liquids
correspond to n = 1.
To study the spreading on a spherical substrate, we will
concentrate on the late-stage of the spreading shown in
Fig. 2(a). We will model the spreading of the three-phase
contact line towards the south pole S of the spherical sub-
strate as the shrinking circular contact line towards the
singular point of two-dimensional flat surface as shown
in Fig. 2(c). Therefore, the spreading droplet on a spher-
ical substrate is now modeled by a shrinking crater on
a flat substrate [Fig. 2(e)] in contrast to the spreading
droplet on a flat substrate, which is frequently modeled
by a spreading cone [Fig. 2(b), (d), and (f)].
In the vicinity of the contact line, the liquid flow field
can be described by Navier-Stokes equation of axial sym-
φ
θψ
θ
(a)
(b)
(c) (d)
S
S
a
arL
rM
θ θ
(e) (f)
z z
r r
FIG. 2. (a) A spreading droplet on a spherical substrate
toward the complete-wetting state. The three-phase contact
line shrinks towards the south pole S of the spherical sub-
strate. (b) A spherical droplet on a flat substrate. In this
case, the three-phase contact line expands towards infinity.
Therefore, the line tension on a spherical substrate plays op-
posite role to that on a flat substrate. (c) The bottom view
of the spreading droplet, whose contact line shrinks towards
south pole S of a spherical substrate, and (d) the top view
of the spreading droplet whose contact line expands towards
infinity on a flat substrate. (e) The crater-shaped model of
spreading droplet on a spherical substrate, and (f) the cone-
shaped model of droplet on a flat substrate. The meniscus is
approximated by the wedge in both cases.
metry [27, 30, 32]
∂P
∂r
=
∂
∂z
(
µ
∂u
∂z
)
, (2)
where P is the pressure and u is the velocity field of the
liquid. Therefore, the shear rate in Eq. (1) is given by
γ˙ =
∂u
∂z
. (3)
Equation (2) with Eqs. (1) and (3) should be solved
with the boundary conditions of no shear at the free
liquid-vapor interface and no slip at the solid-liquid in-
terface given by
∂u
∂z
= 0, z = h (r) , (4)
u = 0, z = 0, (5)
where h = h (r) is the height of the liquid-vapor surface
from the substrate at the distance r from the center of
3the droplet [Fig. 2(e)]. Integrating Eq. (2) twice with the
boundary conditions (4) and (5), we obtain the flow field
u =
n
n+ 1
κ−
1
n
(
∂P
∂r
) 1
n
[
(z − h)
n+1
n − (−h)
n+1
n
]
, (6)
The average flow rate U is given by
U =
1
h
∫ h
0
udz = −
n
2n+ 1
(
∂P
∂r
) 1
n
(−h)
n+1
n , (7)
which is identified with the spreading velocity of the
three-phase contact line [1]. Then, the flow field in
Eq. (6) is written as
u =
2n+ 1
n+ 1
U
[
1−
(
1−
z
h
)n+1
n
]
. (8)
Therefore, the viscous dissipation near the axial-
symmetric contact line [Fig. 2(e)] will be calculated from
Σ˙drop =
∫
V
µ
(
du
dz
)2
dV
=
∫ 2pi
0
∫ rM
rL+∆r
∫ h
0
µ
(
du
dz
)2
dzrdrdϕ (9)
which can be integrated to give
Σ˙drop = 2piκ
(
2n+ 1
n
)n
Un+1
∫ rM
rL+∆r
1
hn
rdr, (10)
where we introduce the upper bound rM and the cutoff
∆r to the lower bound rL at the contact line to avoid the
singularity.
Assuming an axial-symmetric wedge-shaped meniscus
of the crater model shown in Fig. 2(e) given by
h (r) = θ (r − rL) , rM > r > rL, (11)
Eq, (10) can be integrated to give
Σ˙drop = 2piλ
(
2n+ 1
n
)n
κUn+1
θn
r2−nL , (12)
where
λ =
(Λ− 1)1−n
(n− 1) (n− 2)
−
(Λ− 1)1−n Λ
(n− 2)
+
δ1−n
(n− 1)
+
δ2−n
(n− 2)
,
(n 6= 1) (13)
when n 6= 1 (non-Newtonian liquid), where Λ = rM/rL ≫
1 and δ = ∆r/rL < 1. For shear-thickening liquid (n >
1), the singularity
λ ∼ δ1−n (14)
occurs as δ → 0. However, this singularity will not be
important as rL → 0 and, therefore, δ → 0 will not
be realized, for the spreading on a spherical substrate
in contrast to the spreading on a flat substrate where
rL →∞.
For a Newtonian liquid with n = 1, we have
λ = Λ+ ln (Λ− 1)− 1− δ − ln δ, (15)
which shows the well-known singularity
λ ∼ ln δ. (16)
Again, this singularity will not be important for the
spreading on a spherical substrate as the contact line will
shrink and rL → 0.
The thermodynamic driving force (capillary force) fL
per unit length acting at the three phase contact line is
given by [26]
fL = σLV (cos θY − cos θ)−
τ
R tanφ
(17)
where σLV is the liquid-vapor surface tension and φ is
half of the central angle (Fig. 1), which is related to the
dynamic contact angle θ through
C cosφ = R− r cos θ,
C sinφ = r sin θ, (18)
where C is the distance of two spheres with radius r and
R (Fig. 1). Therefore
tanφ =
r sin θ
R− r cos θ
. (19)
The energy-balance condition at the contact line with
radius rL
2pirLfLU = Σ˙drop (20)
is given by
θn
[
(cos θY − cos θ)−
τ˜
tanφ
]
= λ
(
2n+ 1
n
)n
r1−nL
κUn
σLV
,
(21)
where
τ˜ =
τ
σLVR
(22)
is the scaled line tension relative to the liquid-vapor sur-
face tension σLV. Equation (21) can be applied both to
the complete wetting (θY = 0
◦) and incomplete wetting
(θY 6= 0
◦). This energy-balance approach in Eq. (20) is
valid only when the spreading velocity U is low and the
viscous length scale is larger than other length scales [3]
so that the inertial effect can be neglected. In the inertial
regime when the velocity is high, the dissipation can be
neglected and the capillary energy is directly transformed
into kinetic energy [1].
Now we will consider θ ≪ 1 on a hydrophilic substrate
with θY ≪ 1. Then, the angle ψ defined in Fig. 2(a)
becomes
ψ = pi − φ→ 0, (23)
4then
tanφ ≃ −ψ → −
r0
r0 −R
θ (24)
from Eq. (19) where r0 is the radius of the droplet when
it completely wets and encloses the spherical substrate of
radius R, which can be specified by the droplet volume
V0 through
V0 =
4pi
3
(
r30 −R
3
)
(25)
and the radius rL of the contact line becomes
rL = R sinφ ≃ Rψ ≃
r0
r0 −R
Rθ. (26)
Then, the energy-balance condition in Eq. (21) can be
written as
θ2n−1
[
1
2
(
θ2 − θ2Y
)
+
r0 −R
r0θ
τ˜
]
= λ
(
2n+ 1
n
)n(
r0
r0 −R
R
)1−n
κUn
σLV
. (27)
This relationship between the dynamic contact angle θ
and the spreading velocity U given by θ2n+1 ∝ Un for
the complete wetting (θY = 0
◦) without line tension
(τ˜ = 0) is very similar to those derived for a droplet on
a flat substrate [27–30, 32], though the exponent is dif-
ferent. For example, Carre´ and Dustache [27] and Wang
et al. [30] derived θn+2 ∝ Un using the two-dimensional
wedge model. Liang et al. derived θ(2n+7)/3 ∝ Un using
the three dimensional cone-shaped model [32] similar to
our three-dimensional crater-shaped model. The differ-
ence of exponent comes from the difference of geometry
of the cone-shaped droplets [Fig. 2(f)] on a flat substrate
from that in crater-shaped droplets [Fig. 2(e)] on a spher-
ical substrate. All those results, including our Eq. (27)
reduce to the universal law [5–7, 9]
θ3 ∝ Ca (28)
for the complete-wetting (θY = 0
◦) Newtonian fluids
(n = 1), where Ca = κU/σLV is the capillary number.
When the contact angle θ is low, the spreading speed
U on a spherical substrate is given by
U =
d
dt
Rφ = −Rψ˙ ≃= −
r0
r0 −R
Rθ˙ (29)
from Eq. (24), where θ˙ < 0. For a completely wettable,
hydrophilic substrate characterized by the Young’s con-
tact angle θY = 0
◦, Eq. (27) is written as
θ2n−1
(
1
2
θ2 +
r0 −R
r0θ
τ˜
)
=
(
−Γθ˙
)n
(30)
with
Γ =
[
λ
(
r0
r0 −R
)
κ
σLV
] 1
n
(
2n+ 1
n
)
R
1
n . (31)
Note that this coefficient Γ depends on the power expo-
nent n, the radius of the substrate R and the volume
of the droplet V0 through r0, and, in particular, Γ is
proportional to the 1/n-th power of the radius R of the
substrate Γ ∝ R1/n. When n = 1, Eq. (30) reduces to
the equation for Newtonian liquids [26].
The time scale of spreading is characterized by Γ given
in Eq. (31). Suppose the liquid is Newtonian poly-
dimethylsiloxane (PDMS) with n = 1, κ = µ = 1.04
Pa s, and σLV = 21.2mN/m [32], and the volume of the
droplet is the same as that of the spherical substrate.
Then, r0 = 2
1/3R ≃ 1.26R and the time scale Γ is given
by Γ ≃ 7 × 102λR. The time scale is proportional to
the radius R of the substrate. For example, the radius
R = 1mm gives Γ ≃ 1s if λ ≃ 1. The time scale will
be longer when the volume of the droplet is smaller, and
will diverge as r0 → R from Eq. (31).
When the line tension can be neglected (τ˜ = 0), we
can solve Eq. (30) and obtain the time evolution of the
contact angle
θ = θ0
[
1 + θ
n+1
n
0
n+ 1
2
1
nn
(
t
Γ
)]
−
n
n+1
, (32)
where θ0 is the contact angle at t = 0. Therefore, the
time evolution of the contact angle is asymptotically
given by
θ ∝
(
t
Γ
)
−
n
n+1
, (33)
and the radius rL of the contact circle shrinks according
to
rL ∝ θ ∝
(
t
Γ
)
−
n
n+1
, (34)
whose spreading velocity decelerates according to
U ∝ −θ˙ ∝
(
t
Γ
)
−
2n+1
n+1
(35)
from Eq. (29). The characteristic time of evolution is
Γ ∝ R. Therefore, the time scale is proportional to the
size of spherical substrate. For Newtonian liquids with
n = 1, we can recover the results derived previously [26].
On flat substrates, Liang et al. [32] derived the time
evolution of the base radius a [Fig. 2(b)] assuming the
cone-shaped meniscus [Fig. 2(f)]. The time evolution is
asymptotically given by
a ∝ t
n
3n+7 , (36)
which reduces to the Tanner’s law a ∝ t1/10 when n = 1.
Since the droplet volume V0 given by V0 = piθa
3/4 is
fixed, Eq. (36) leads to the evolution law of the contact
angle θ given by
θ ∝ t−
3n
3n+7 , (37)
5which, again, leads to the result [10] for Newtonian liq-
uids when n = 1. The spreading exponent 3n/ (3n+ 7)
on a flat substrate in Eq. (37) is different from the
spreading exponent n/ (n+ 1) on a spherical substrate
in Eq. (33).
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FIG. 3. The spreading exponent α of the dynamic con-
tact angle θ ∝ t−α for spherical substrates (crater-shaped
model) αsphere = n/ (n+ 1) and for flat substrates (cone-
shaped model) αflat = 3n/ (3n+ 7) as a function of the power
exponent n of viscous dissipation of power-law liquids.
In Fig. 3, we compare the spreading exponent α of the
dynamic contact angle
θ ∝ t−α (38)
for the spherical substrate αsphere = n/ (n+ 1) and
for the flat substrate αflat = 3n/ (3n+ 7). Generally,
αsphere > αflat for the same non-Newtonian liquid char-
acterized by the power exponent n. The spreading on a
spherical substrate is faster than that on a flat substrate,
which can be easily understood from the efficiency of
energy-dissipation. The radius of contact line rL shrinks
on spherical substrates, while the radius expands infinity
on flat substrates. Therefore, energy dissipation by vis-
cosity is less effective on flat substrates, which leads to
weaker braking force.
When the contact angle θ becomes low, the line tension
contribution in Eq. (30) could be important because the
second term of the left-hand side will be dominant as
θ → 0. If the line tension is positive and dominant, the
solution of Eq. (30) becomes
θ =
[
2− n
n
(
r0 −R
r0
τ˜
) 1
n
] n
2−n (
t0 − t
Γ
) n
2−n
,
t < t0, n < 2 (39)
when n < 2, where t0 is the time when the spreading
will be completed (θ = 0◦), which is determined from
the initial contact angle θ0 at t = 0 and is given by
t0
Γ
= θ
2−n
n
0
(
r0 −R
r0
τ˜
)
−
1
n n
2− n
. (40)
Therefore, the completion time t0 depends strongly on
the power exponent n. It will be longer for shear thick-
ening liquids with n > 1 than for shear thinning liquids
with n < 1, and it will diverge as n→ 2.
On the other hand, the solution of Eq. (30), when n >
2, is given by
θ = θ0
[
1 + θ
n−2
n
0
n− 2
n
(
r0 −R
r0
τ˜
) 1
n t
Γ
]− n
n−2
, n > 2
(41)
where θ0 is the contact angle when t = 0. Then the
evolution of the contact angle θ is given asymptotically
by
θ ∝
(
t0 − t
Γ
) n
2−n
, n < 2, (42)
∝
(
t
Γ
)
−
n
n−2
, n > 2. (43)
The asymptotic form of the spreading velocity U of the
contact line is different for the shear-thinning liquid (n <
1) to the shear thickening liquid (n > 1) from Eq. (30).
The spreading velocity will be accelerated
U ∝ −θ˙ ∝ θ−
2(1−n)
n →∞ (44)
as θ → 0◦ for shear-thinning liquids with n < 1, and it
will be decelerated
U ∝ −θ˙ ∝ θ
2(n−1)
n → 0 (45)
as θ → 0◦ for shear-thickening liquids with n > 1. The
spreading velocity will be constant and the contact angle
θ changes linearly with time as θ ∝ t0 − t for Newto-
nian liquids with n = 1 [26]. When the line tension is
negative, the droplet cannot spread over the whole area
of a spherical substrate. To achieve the complete wet-
ting, a positive line tension is necessary on a spherical
substrate [16, 26]. In contrast, a negative line tension is
necessary on a flat substrate [14, 26].
Our theoretical predictions must be checked by com-
paring them to experiments. However, since the number
of experimental works of spreading on a spherical sub-
strate is very limited [33], it is impossible to verify our
theoretical predictions from experimental results at the
present stage. We must wait for the new experimental
results. Further experimental studies are certainly nec-
essary.
Our macroscopic model known as the hydrodynamic
model based on the viscous dissipation neglects various
microscopic effects such as the friction at the contact line.
The energy dissipation due to the friction is consider in
the so-called molecular-kinetic theory (MKT) [36, 37],
which predicts scaling laws different from those of the
hydrodynamic model [10]. A mixed model, which takes
into account both the friction and the viscous dissipa-
tion was used to analyze the spreading on incompletely
wettable substrates [10]. It was found that the hydro-
dynamic model successfully describe the late stage of
6spreading, while MKT is appropriate to the early stage.
Hence, our model will be appropriate to the late stage of
spreading on a spherical substrate as well. Furthermore,
the friction should be more important at the edge of pre-
cursor film [38], which must exist ahead of the droplet
on a completely wettable substrate. Therefore, our hy-
drodynamic model is more appropriate to the spread-
ing on a completely-wettable substrate. Finally, it would
be difficult to verify our theoretical predictions from the
microscopic molecular-dynamics simulation, because the
simulation time is limited to the early stage of spreading
when MKT is more appropriate [37].
There are several other microscopic effects such as the
curvature dependence [39] of the surface tension and the
long-ranged liquid-substrate interaction called disjoining
pressure [40]. In contrast to the droplet on a flat sub-
strate [Fig. 2(b)], the shape of a droplet becomes almost
spherical on a spherical substrate [Fig. 2(a)] in the late
stage of spreading. Therefore, the curvature of the liquid-
vapor interface will be almost constant in time and its
effect on the dynamics of spreading can be neglected.
The effect of disjoining pressure on the liquid-vapor sur-
face tension will also be unimportant to the dynamics.
However, the disjoining pressure is directly responsible
to the magnitude of line tension [25]. In fact, the line
tension must depend on the radius of contact line [41];
otherwise, the line-tension contribution in Eq. (17) will
diverge as the radius rL vanishes (φ→ 180
◦). Physically,
the meniscus of the spreading droplet will merge to the
flat precursor film [38] as the complete-wetting state is
approached, and the line tension must vanish.
Seeing that the hydrodynamics model has already been
fairly successful in describing the spreading of the droplet
on a flat substrate [10, 27, 32], our macroscopic model
would also be appropriate to describe the late-stage of
spreading.
III. CONCLUSION
In the present study, we consider the problem of
spreading of a cap-shaped spherical droplet of non-
Newtonian liquids on a spherical substrate using the en-
ergy balance approach. The viscous dissipation is cal-
culated using the crater-shaped model of droplet with
the wedge-shaped meniscus. We find scaling rules of
the time evolution of the dynamic contact angle on a
completely wettable spherical substrate, which are dif-
ferent from those for a droplet of non-Newtonian liquids
spreading on a flat substrate [27, 32]. Since those scal-
ing rules on a flat substrate are fairly successful in ex-
plaining the spreading of non-Newtonian liquids on a flat
substrate [27, 32], experimental attempts to verify our
scaling rule on a spherical substrate will be interesting.
In contrast to the spreading on a flat substrate where
the three-phase contact line expands to infinity, the ef-
fect of line tension will be important in the late-stage of
spreading on a spherical substrate where the radius of
the contact line shrinks and the curvature diverges. Fur-
thermore, a positive line tension is necessary [16, 26] to
realize complete wetting on a spherical substrate, while a
negative line tension is necessary on a flat substrate [14].
When the line tension is positive and dominant, the scal-
ing rule for non-Newtonian liquids on a spherical sub-
strate is different from that derived for Newtonian liquid
on a spherical [26] as well as that on a flat substrate [14].
Even though the magnitude of the line tension has been
believed to be small, a gravitation assisted enhancement
of the line tension [24, 25] as well as the diverging contact-
line curvature would make it possible to observe the line
tension effect even in macroscopic droplets.
Finally, we notice that the spreading on a completely
wettable spherical substrate is topologically different
from that on a flat substrate. On a spherical substrate,
the contact line shrinks, which involves a topological
phase transition since the topology of the wetting film
changes from a hollow to a spherical surface which en-
closes the spherical substrate.
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